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ABSTRACT

The generalized method of Schwarz allows us to conginactolution of the Dirichlet or Neumann
problems for a domain with multi-component boundary eénftrm of the series. If the boundary of
the domain consists of the mutually disjoint spheren tbe the Dirichlet problem we obtain the
Poincare series. In the previous works the absoluteuaifidrm convergence of these series has
been discussed. It has been note that such a serid® @bsolutely divergent. It depends on the
domain. In the present paper we separate the absolutendodn convergence, and prove the
uniform convergence of the series for arbitrary domaine problem considered is applied to
composite materials.

1. INTRODUCTION

The classicaiethod of imagefl, 2] can be used to solve the classical boundawev@loblems

of Dirichlet or Neumann involving circular or sphatliboundaries. It is possible to construct a
formal solution of the Dirichlet problem whichwwary consists of finite number of disjoint
spheres. This solution is written in the form ofesrGolusin [3] showed that if the spheres are
sufficiently far removed from one another, thdms series is absolutely convergent. If the
number of spheres is equal to two, then convergeolds hoo. In the present paper uniform
convergence has been proved for each spherical domain.

Golusin [3], Mityushev [4 - 6] considered the method ofgemas a special case of the
method of functional equationk the spatial case for the Dirichlet probldma both methods
lead to the same series. Mityushev [4 - 6] modifiednkéhod of functional equations in the plane
to get a convergent series. The last series is delatethe Poincare 6 -series Akaza&lnouue [7,

8] constructed an example of the absolutely divergenincare 6 -series of second order.
Mityushev [5, 15] proved the uniform convergence of thancared -series of second order in
the plane. It follows from Sec.4 of the present pajer Poincare series converges uniformly for
each spherical domain in the space.

The generalized method of Schwadnas been studied in [3, 9 - 11]. For a spherical domain
this method coincides with the method of functional &éqoa. Let us note that “usual
alternating method of Schwarz always converges [Hejwever, there is the same question
of convergence for the generalized method. This quekterbeen solved in [6] for the Dirichlet
problem. In Sec.3 of the present paper this questiobhdwassolved for the Neumann problem.

Let us consider the mutually disjoint bounded simple domds with Lyapunov's

boundary dD, (k = 0,1,..n). Let D,  be the complement ofD, in the space
RS, D:=(R3\DE=0D_k)D{oo} . The curvedD is orientated in the positive direction. We
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assume thatdD:=-0}_, dD,. Let x:(xl,xz,x3)DR3,|X|:(X12,X%,><32) . In Sec.2 we

consider théirichlet problem

u(t) = £(£), limy o u(x) =) =0. (1)
We shall writex, when we consider a relation in a domain tanth a surface. We assume that the
given function f DCl(aD), ..e.f is continuously differentiable idD . Then the unknown function

uld 01(5) . In Sec. 3 we solve tideumanmroblem

4(t)=g(t), t0D, u(o)=0, (2)

where < is the outward normal derivative. As consequenteSéc.4 we show uniform

convergence of the Poinca-series for each spherical domain.
We shall use the classical potentials

QkU JJaDk|y Sy H(U .UaDk an(|y XJdSY

for which
ROM(t) - Rer(Y) =
O u(t) = Quu(t), R )= iy oo, |

(9, T _orcu).

Herep DCl(aDkJ H<+U(t): =limy_ ¢ xop K W(x),  Ru(d:=limy t,x0Dc R u( ., Ql:l«l(t)
and Q¢ u(t) are defined by the same way.

Let us consider the Banach sp&avhich consists of functions harmonic[i;_, D,
and continuous iJ}_, D, . The norm|f|:=max, mayp, |(t)|. Harnack's theorem implies that

convergence in B means uniform convergence. Introduce the spaces
h™(G): :{ udd Cl(_q Au=01inG (o) = O} , when the domai contains the infinite point,

and h*(G): :{ uldl Cl(_q: Au=0 in C} , whenG is bounded.

2. Dirichlet problem

Let us consider the integral operaSwhich is defined by the following Dirichlet praioh
s, f(Y= (9, tOon,
with respect to the functioB, f O h‘( DK). Here f DCl(o"Dk).

Theorem 1[6]. The Dirichlet problem (1) has the unique solution

ZSA%ZZWG)HZZZKS 3)

k=0k; %k k=0K, 2k k7 k;

wherek =01,...n;k = 01,....,n; k # kin the sumz Y . The series (3) converges uniformly
k=0ky=k

in D and corresponds to the generalized methodSdiwarz.



In the present section Theorem 1 is applied tac#se of spherical domaibs when
Dk::{x OR, ‘x— ak‘ = r;} ( k= O,l,...,d . In this case the integral operator

S: h+( Q) - h‘( Q) becomes the shift operator
S vy = ——w(x 4
‘X—ak‘w(xk) (4)

2

for eachw Dh+( Dk). Here x,:= | |2 (x - ak) + a is the inversion with respect to the sphere

X~ 8
D, . The representation (4) allows us to simplify Hegies (3) and obtain the exact solution of
the Dirichlet problem (1).

For a spherical domain the functit(u) takes the form

\x a,/
4”k ” X|3 :

Let us denote the sequence of the inversion wﬂ;bect to the spheres with numbkysk,,....k

by X, km K (ka ki)* There are no equal neighbor numbers in the esemuk,, k,,....k, .

Using (4) we rewrite (3) in the form

X)=Zn:f(>§)‘§2¢:

k=0

‘ (X )+ (5)

Xk —

The last series converges uniformly D. Let us note that the series (5) involves rational
transformations and doesn't contain integral opesatMoreover, if the boundary dafg) is
polynomial, therf(x) can be readily calculated by the algorithm ofef& Ramey [13].

3. Neumann problem

Following [6] and Sec.2 we consider the opm’réﬁ{:w( Dk) - h‘( Dk) which is defined by the
following way. For u, Dh+(DK) calculate au, /on on dD, and solve the Neumann problem

W, Ih=adu lon on D, with respect toy, Dh‘(Dk‘). Thus we construct the operator
T.u(X:=v.(x, xO O It follows from the definition that the operatatisfies the identity

J al
%(Tk uk)( t) :Ek’ t OdD, for each u, Dh+( DK). (6)
The Neumann problems is reduced to the systentagjrial equations
u(x)==-> Tu(X- (%, X2 Q, k01..,n (7)
ek

with respect tou, (x) and

=—mi:0w»a—w, X1 D

Lemma 1. The system (7) has the unique solution

N==F(+> T f(N-2 D2 TT (..

k7K KKk 7k

The last series converges uniformlyDy .



Theorem 2. The Neumann problem (2) has the unique solution
u¥)=-HY+> THI-2D TT { .., (8)
k=0 k=0k %k

The last series converges uniformlyln

The Dirichlet problem for a spherical domain hasrbeolved in Sec.2 because the integral
operator§¢ has been written as the shift operator (4). Waatsolve the Neumann problem for a

spherical domain in terms of non-integral operatbesause we cannot write the operalgy in a
simple form. It is related to the complicated noetlof images for the Neumann problem. Using
asymptotic expansions for the imaging rule, Polady overcame this obstacle for two spheres.
Applying Poladian's formalism td it is possible to obtain a simple asymptotic reprgation for
the series (8).

4. Poincare O-series

The transformations<,imkmmkl having been introduced in Sec.2 generate somettRghgroupK

[7, 8]. The numbem is called the level of transformation. Let us fixe transformations
y; (=%, . (= 01.2,..) in order of increasing level, i.g,(x) =X y,(X = X,.... There
holds the relation
Lo Y2 .
‘yj (x)‘ =n /|x-a], k=01...,n-1 j=k+1,
where‘yj'(x)‘ is the measure of local stretching at the prinThe elementy;(x) (= 0,1, ...n)
are generators of the grofp It can be shown that

‘yj'(x)rj2 = (rk1 /‘x— akl‘)(rkz 1%, = akz‘)...(rKn /‘x*km— akﬂ‘)
for Vj(x) = thmkml...kl'

Definition. Let W:{vvl, vvzw} be a set of points belonging to D. Let f(x) be a
function harmonic i{R® 0{}) - W. The series
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is called the Poincaréseries according to the grouf

‘]!2

(9)

Put G:=D-V, where V::{xD?,|x— w| <&, k:1,2,...,r}1 be spheres of the

sufficiently small radiE.

Theorem 3. The series (9) converges uniformly R? n (D-W) for each group K and
each seW [J D.

The proof of the theorem is based on the tmifcconvergence of the series (9) because the
series (5) and (9) are related by the equidy+ u(x) = B(x).



5. Composite materials

A problem of great theoretical and practical inseéris that of calculating the effective transport
properties of periodic composite materials. Follmyv[14, 15] we consider a lattic®@ which is

defined by three fundamental translation vectys(i =1,2,3 in the spaceR®. The zero celQy,

3
the basis ofQ, is the set{x =>twy, -1/2<t <l 2} Let the volume hold$Qy|=1 Let
i=1

3
{e} -, be alinearly ordered set of the vectdrsm t , wherem are integerg, = 0. The lattice
i=1

Q consists of the cellg, =Q0+q<::{ xOR: x g0 @}

Let us consider a baD1:={x OR%: |4 < r} in the zero cellQ,. Let D:=Q, - D;. We

study the conductivity of the periodic compositetenials, when the domaind + e, and D; + ¢,
are occupied by materials of conductivky=1 and A, respectively. We find the potentiajﬁéx)
and u(X) to be harmonic irD + e, and D, + e, with the boundary conditions:

ou oy,

— =A{— onthe spherg| =r. 10
an_ "“an pherg (10)

Moreover, the functioni(x) is quasiperiodic irR®:

U(x + @1, %0, Xg) = U 4, %, X+ @y (1% %+ 2 B= Ux % b

U(Xg, Xo, X3+ W3) = U X, X, X9 (11)
The last equalities denote that the external feliked in the x; — direction. The problem (10) is
equivalent to the following problem

u=u,

=(1-p)v, M= N onltl =
u=(1-p)v, o (1+p) o O t|=r, (12)
wherep:=(Ay =)/ (A1 +1), v(x):=(A;+DuyX/ 2 The effective conductivity in they -
direction is determined by the formula

AL = Aljﬂuldﬁjg udx=1+ 2p c%(o), (13)

wherec = %an is the volume fraction of inclusions. Here the k&® formula and the mean value

theorem of the harmonic function theory are applied

Berdichevskij [14] reduced the problem (10), (1d)an infinite system of linear algebraic
equations. This system has been truncated and>amate formulae has been deduced to calculate
the effective conductivity. A method of perturbasowith respect to the paramejeihas been
proposed in [15]. In the present paper we condiderimit caseA; - « < p - 1. In this case
the problem (12) becomes the Dirichlet problem 0 on|t| =r, where u(x) is harmonic irD and

quasiperiodic, i.e. (11) holds. Introduce the fioretw(x):= u ¥ — % harmonic inD It satisfies the
Dirichlet problem

w(t)=-t, onlt| =r, (14)
and periodic . If we knoww(x), then v(x) is easily constructed by the Neumann problem
? :%% on|t|=r for the ball|x <. Calculating(;ﬂ(o) and substituting into (13) we obtain

n n X1

Ale. So the crucial point is concluded in the problédh)(



We apply the formula (5) for (14), whein(x) = —x1|>4_3. If n - oo in (5) then we have the
formal series

w(x)=isj(>), 15}

j=0

where S(¥=->" f( %)= >( % - i)‘ x- @‘_3: Pia( X-y1 Pu(x) is the Berdichevski -
k=0 k=0
Weierstrass functiony, is a Berdichevskij's tensor [14]. The functioﬁll(x) is periodic and

Pll(x) - X1|)4_3, as X — 0

The serieg15) corresponds to the generalized method of Schiwa the latticeQ. We can
prove convergence of (15) only for small
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