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We consider the transport properties of a two-dimensional, two-component
composite medium made from a collection of non-overlapping, identical cir-
cular disks, imbedded in an otherwise uniform host. Both components are
isotropic conductors, but the position of the inclusions is arbitrary. The
study is based on the analytic properties of such composite materials de-
scribed by Bergman (1978, 1982, 1985), Bergman & Dunn (1992), Milton
(1981) and the homogenization theory of random media advanced by Golden
& Papanicolaou (1983), Jikov et al. (1994). The crucial point of our study
is application of the method of functional equations.

1 Introduction

The transport properties of two-dimensional, two-component composite medium
made from a collection of non-overlapping, identical circular disks, imbedded
in an otherwise uniform host are considered. A number of workers have fol-
lowed by different approach, by assuming a specific regular geometry for the
composite material. In this way, they have been inspired by a classic paper
of Lord Rayleigh (1892). McPhedran (1986), McPhedran & Milton (1987),
McPhedran et al. (1988), Sangani & Yao (1988) obtained an infinite systems
of linear algebraic equations for the multipole coefficients. These systems had
been truncated to give various low-order formulae for the effective transport
properties. Mityushev (1995a, 1995b, 1996, 1997a, 1997b) obtained exact
analytic formulae for arbitrary regular arrays of circular disks by using the
method of functional equations.

Bergman (1978, 1982, 1985), Bergman & Dunn (1992) and Milton (1981)
discussed analytical properties of macroscopic moduli of general two-phase



composite materials as a function of the conductivity ratio. They also for-
mulated bounds on the effective constant from available information. (For a
recent review of the theory of bounds see Clark & Milton (1995)). Golden &
Papanicolaou (1983) and Jikov et al. (1994) extended the Bergman-Milton
theory to random media. They proposed a rigorous mathematical theory of
the homogenization of elliptic operators with random coefficients. We shall
call this theory by the homogenization theory of random media. A presen-
tation of the problem of estimating the effective transport properties of two-
phase random media is given by Markov & Zvyatkov (1991) and Torquato
(1991).

In the present paper we consider a composite material containing infinite
parallel cylindrical inclusions (identical disks in the two-dimensional state-
ment) randomly embedded in a homogeneous matrix. We evaluate the effec-
tive conductivity tensor A, in the framework of the homogenization theory
of random media. Applying the method of functional equations we deduce a
simple algorithm for approximate analytic formulae for A.. These formulae
allow us to discuss some particular problems. For instance, a distribution of
disks on plane is given, and one asks the following natural question. Is this
isotropic or anisotropic material in macroscale? If the material is anisotropic
then it is interesting to determine the principal axes. This question is an-
swered in Sec.5 by using the concept of a generalized Rayleigh’s sum.

2 Formulation of the problem

We consider a random composite material in the framework of the homoge-
nization theory of random media by Golden&Papanicolaou (1983) and Jikov
et al. (1994). Let (92, F,P) be a probability space and let A (z,w) be a
strictly stationary random field of the complex variable z = x + iy, w € (Q,
deriving a random two-dimensional composite material with identical circu-
lar inclusions of the radius r. The inclusions have the scalar conductivity
A1 and are separated by matrix of unit conductivity. More specifically, each
event w € () corresponds to a realization of the composite material, i.e. to a
set of the non-overlapping disks on the complex plane C. For each fixed w
the function A (z,w) takes only two values: A; in the inclusion and the unity
in the matrix. Let us consider the following boundary value problem. Find
stationary random potential u (z,w) such that

V(O (20) Vi (5,0)) =0, 2 € C, we O, /QP(dw) Vu(zw) —e, (21)



where V := (0/0z,0/0y) . The constant vector e = e; + ieq is given. The
function u (z,w)— Reez is bounded at infinity. The effective properties tensor

X
A = ( W >

is defined by the relation
Ace = / P (dw) A (z,w) Vu (z,w). (2.2)
Q

According to the homogenization theory of random media the problem (2.1)
has a unique solution up an additive constant. Moreover, for almost w € €2
the strictly stationary random field A (z,w) admits homogenization, and the
homogenized tensor A, is independent of w. The last result allows us to
take an element w € €2 corresponding to a typical distribution of inclusions
and calculate A, in this particular case. Since the effective properties tensor
A, is independent of w, hence we get the value A, for whole class € of the
composite materials under consideration.

So let us take a typical distribution of the inclusions represented by a
set of mutually disjoint discs Dy == {2 € C: |z —ax| <r} (k=0,1,..),
where 0 = |ag| < |a1] < |ag] < ... . Let D := C\(HUOH), where
H = U2, Dy, 0H isthe boundary of H. We study conductivity of the com-
posite material, when the domains D and Dy (k= 0,1,...) are occupied by
materials of conductivity A = 1 and A;, respectively (see Fig.1). We find
the potentials u (z) and wy (z) harmonic in D and Dy, (k= 0,1, ...) with the
following boundary conditions:

ou 8uk

= A\;j—— on the circumferences |t —ax| =71, k=0,1,...

on on

U = uUg, )

(2.3)
where 0/0n is the outward normal derivative. Moreover, u (z,w) — Re ez
satisfies the property PY. We say that a function f(z) satisfies the prop-
erty PY if it is continuous in (D UdD) N Uy for each R > 0, where Up :=
{z € C: |z] < R} and bounded in D U JD. The function f (z) satisfies the
property P! if it is continuously differentiable in (D UdD) N Uy for each
R > 0 and satisfies the property P° with |V f (2)].

In accordance with the homogenization theory of random media the def-
inition of the effective properties tensor A, (2.2) is consistent with the defi-
nition of the ensemble averaging

// Vudxdy—l—)\lZ// Vukd:vdy] . (2.4)
Py i’ JDi

3

Ace = lim |G|~
n—oo




Here G, is a simply connected bounded domain containing Dy, D1, ..., D,,, |G,|
is the area of G, F,, := G,\ U}, (Dx, U0ODy), lim, .. F,, = D. In order
to find A, it is sufficiently to apply (2.4) for e = 1 and e = i. For the
definiteness we take only the external field applied in the z-direction. Then

AT — AT = (2.5)

limy, s |G| ™! [f Jr, (e —iuy) dedy + M 370 [ ka ((uk):E — i (uk)y> da:dy} :
The problem (2.3) is equivalent to the following R-linear boundary value
problem (see, for instance Mityushev (1996, 1997b))

¢ () = ¢k (1) = poi (1) =, [t —ar| =7, k=0,1,..., (2.6)

where p := (A\; — 1) / (A1 + 1) is a Bergman’s parameter. The unknown func-
tions ¢ (z) and ¢y, (z) are analytic in D and Dy, respectively. Moreover, the
function ¢ (2) satisfies the property P'. The harmonic and analytic functions
are related by the identities

w(z) = Re ((2) +2), ue(2) Re ¢ (2).

BDYEE
Here and after we write z when we consider a relation in a domain, and ¢ -
in a contour.

Let us transform the relation (2.5). Applying Green’s formula we arrive
at the relation

AT — iAW = lim |G|
n—oo

i/acn udz + Zp;/ . gbé (2) dmdy] . (27)

where gzﬁé (z) = 2t ((uk)x — (uk)y) . We have

lim |Gn|1i/ udz =
lim |G|~ {/ iwdr + xdy +/ (bounded term) di] = 1,
n—oo e oG,

since u (z) = x + bounded term as z — oo. By virtue of the mean value
theorem of harmonic functions we have

/ gb,é (2) dxdy = 7r7°2¢£ (ax) .
Dy,



Therefore, (2.7) implies

n

NN = 1+ 2pv lim o (ax) (2.8)
k=0
where v := lim,_o (n 4 1) 712 |G,| ™" is the area fraction of the inclusions.

Without loss of generality we assume that the average number of inclusions
per unit area lim, .. (n + 1) |G,|™" = 1. Then v = 772,

3 Method of functional equations

Let us introduce the Banach space B consisting of functions analytic in all
discs Dy, continuous in Dy U 9Dy (k=0,1,...,) and bounded in H U JH
with the norm || V|| := sup, maxp,usp, [¥k (2)], where ¥ (2) = ¢ (2) in Dy U
0Dy. Convergence in B means almost uniform convergence, i.e. uniform
convergence in each compact subset of H.

Lemma 3.1. Let the function ¥, (z) is analytic in D,, and continuous
in D, UOD,, (m=0,1,...,). Let 2%, :=1?/(z — am) + a,, be the inversion
with respect to |t — an,| = ry. Then the series

o0

= (Anthn) (), (3.1)

m=0

where

(Amthm) (2) :(Z_am) m( 5 = Aty (am) (m=0,1,...,),
Ay @ =0, A, :=a,? (m=1,2,..)

converges absolutely and almost uniformly in D. The function SV (2) is an-
alytic in D and satisfies the property P°.
P r o o f. Following Mityushev (1997b) we fix a compact subset K CC D

and consider the series
o0

> (Antm) (2) (3-2)

m=N

where N is chosen in such a way that |z —a,,| > h > r?/(r —¢) for suffi-
ciently small € > 0 and for all m > N and z € K. Let

e}

Y (2) = Y Wt (2 = )’

=0



be the Taylor expansion of ¥, (z). Then

Z m¢m Z]1 + 227
m=N
where
Y= ZM[(z—am)_Q— EDINRES Zzwmlr (z—am) 2.
m=N m=N [=1
We have

IS ST (2= am) > = a7 (3.3)
where T := sup,, [¥mo| = sup,, |¥m (am)|. It follows from Lemma A.2 that

the series (3.3) converges uniformly in K. The inequality |z — am|_“rl <
R~ (1=1,2,...) implies

i i (z—am) ? (z—am) ™ < h i i | 72 |2 — ap| PR <

m=N [=1
oo

hMcZ[rZ(r—s)flh_l}l < oo,

=1

where M 1= max.cx S2°°_ |2 — |~ (see Lemma A.3). Here Cauchy’s in-
equality |thm| < c(r—e)”' (1=1,2,...) is used. Thus, we have proved that
the series (3.2) converges uniformly in K. Therefore, the series (3.1) con-
verges almost uniformly in D. The properties of the function SV (z) follow
from the properties of the uniformly convergent series of analytic functions.
The lemma is proved.
Differentiating (2.6) we arrive at the following boundary value problem

V() =Yy (t) + pr* (t — ak)_2 Y (t) =1, [t—agl =7r, k=0,1,..., (3.4)

where v (2) 1= ¢/ (z) and 1 (2) = qbé (z). Here we apply the relation (see,
for instance Mityushev (1996))

/ / _
(@) = (6 )) = —r*(t—ar) 6L (), It —ar =
Let us introduce the function

P (2) := Yy (2)—pr? Z (Ap¥m) (2)+pr? Apiby (ap)—1, |z —ap| <7, k=01, ...

m#£k




O (2) = (2) = pr* Y (i) (2), 2 € D,

where the sum Zm# contains the terms with m = 0,1,... , except m =
k. It follows from Lemma 3.1 that the function ® (z) is analytic in D and
Dy (k=0,1,...), continuous in all Dy, UdDy (k=0,1,...) and satisfies the
property P°. We now proceed to calculate the jump of ® (z) along |t — azx| =
e

Jpi= lim ®(2)— lim P(z)=

z—t,z€D z—t,z€Dy,

¥ (t)—pr? [(t —a) P (1) — Axty (ak)] — i (£)—pr* Ayt (ag)+1, k=0,1,.....

Taking into account (3.4) we obtain J; = 0. Using the theorem of ana-
lytic continuation and the Liouville theorem we conclude that ® (z) = ¢ =
constant. From the definition of ® (2) we obtain the following system of
functional equations

Un (2) = pr2 30 [(2 = an) B (232) = Do ()| — pr2 Ay (ar) + 1+,
m#£k
(3.5)
|z —ap| <r, k=0,1,..

with respect to the functions v, (z) analytic in |z — ax| < r and continuous
in |z — ag| < r. Moreover, there exist sup, max, | (z)|, where |z —a| < r
in the max,. The system (3.5) can be considered as the equation

U= pr’AV 4+ 1+¢ (3.6)

in the space B. Here W (2) = ¢ (2) in |z —ax| <7, AV (2) =30, (Antdn) (2)—
Ak@Dk (ak) in |Z — ak| S r.
Lemma 3.2. The operator A is compact in B.
P r o o f. The operators

> (Anthm) (2), N=1,2, .. (3.7)

m=0

are compact in B (see Mityushev (1997b)). The operator Ay (ax) is com-
pact as a degenerated operator. Lemma 3.1 implies that A is a compact
operator as the limit of the compact operators (3.7) in the space B.

The lemma is proved.

Let us denote by A* the k-th degree of the operator A.



Theorem 3.1. Equation (3.6) has the unique solution

= (149> (pr
k=0

for each fized q. The last series converges in B.

P r oo f. In order to prove the theorem we show that pr’Ra < 1, where
RA is the spectral radius of the operator A. It is sufficient to show the
inequality r?Ra < 1, since |p| < 1. The spectrum of the operator A consists
only of eigenvalues. The inequality r?Ra < 1 is valid if and only if there
exist a complex constant v such that |v| < 1 and the equation

U =vr’AV (3.8)

has only the zero solution. If W (2) = 1y (2) in |z — ax| < 7 is a solution of
(3.8) then the function

m:0

is analytic in D and satisfies the property P°. Using (3.8) we arrive at the
R-linear problem

V)= )+t (t—ap) U (t), [t—axl =7, k=0,1,.... (3.9

The problem (3.9) has only the zero solution since |v| < 1 (see Appendix B).
The theorem is proved.
We shall find 1, (2) from the functional equations (3.5) in the form

Ui (2,0) = V) (2) + pty (2) + P03 (2) + ... (3.10)
Also, we consider the constant ¢ as an analytic function on p :
q(p) =aq+qp+aqp .. . (3.11)

By substituting (3.10), (3.11) into (3.5) and collecting terms with p™ we
obtain the following recurrent formulae

Up(2) =1+ qo, (3.12)

W (2) = 3 [ an) VLT (R — Ay ()] — A (a0) + a1

m#k
lz—ap| <7, k=0,1,2,..; 1 =1,2,...



4 Method of perturbation

In order to apply Theorem 3.1 and the scheme (3.12) to calculate the tensor
A, we must determine the constant ¢ appearing in the definition of ® (z).
We shall do it by a method of perturbation. This method is concluded in
finding a solution of the problem (2.6) in the form of the expansions

¢ (2,p) = ¢" (2) + po' (2) + p*¢” (2) + .., (4.1)

O (2,p) = &5 (2) + poy, (2) + P05 (2) + ...

with respect to p. By substituting these expansions into the boundary condi-
tion (2.6) and collecting terms with p™ we obtain a cascade of the problems.
The zero one is

O (t) =) (t)—t, |t —ax] =7, k=0,1,2,... .
The first problem is

o' (t) = ¢ () — (1), [t—ax| =7, k=0,1,2,....

and so on. On the [-th step we have
Ft)=oL ()=t @), [t—ar| =7, k=0,1,2,.. ,1=1,2,.... (4.2)

Since ¢{ (z) = z is the solution of the zero problem, hence the first problem
becomes

o ()=, () — ()t —ap) + @), [t—ax| =7, k=0,1,2,.... (4.3)

The last equalities mean that ¢! (2) is analytically continued to all (Dy U dDy) \ {ax}
and has the principle part —72/ (z — ax) at ag. It follows from the theory of
meromorphic functions (see Appendix A) that

¢' (z) = —r*(F1(2) — G1(2)),

where
(o0}

1 1 1 z
FN@ZE*Z(z—am*a*a)’ (4.4)

(1 (z) is an entire function. The series (4.4) converges absolutely and almost
uniformly in C\ US°_, {a,,}. From (4.3) and (4.4) we have

9 (2) = =1 [i (2 _1am + i + %) —Gh(2)

m=1

7k:07




1 - 1 1z 1z
1 _ 2| = _
R(2)=—r" |~ + ) ( +—+—)+—ak+—2 G (2)

2
zZ—Q [0 a a
m=1 m#k m m m k

(4.5)

Let us compare this result with the result obtained by the method of

functional equations . Let us note that the uniqueness theorem of the analytic
function theory implies the relation

(¢4 () = wi (o).
where 1)} (z) is taken from (3.10). Using (3.12) with [ = 1 we calculate

Ui (2) = (1+ qo) {Z [(Z - am)_2 — Am} - Ak} + q1,

m#k

where the sum Zm# contains the terms with m = 0,1, ...; m # k. Differen-
tiating (4.5) we obtain

(o4 () =7 {Z (2 = an) > = A] + G (2) — Ak} .

m#£k

Comparing the last two equalities we have
@0 =0, ¢ =G (z).
Hence, the function G (z) has the form
Gi(2) =rqz+ e, (4.6)

where ¢; is a constant, which does not impact on the effective conductivity
tensor. So we have to determine only r~2¢;.

The function F} (z) at infinity has to be compensated by the linear func-
tion G (2), since the function ¢! (z) is bounded at infinity. Let us fix the
point w in D. Let v be a smooth simple curve connected the points z = w
and z = 0o, v C DUOD (see Fig.1). Let us calculate the jump of F} (2)
along v from w to w + Az :

1 = 1
Az):=F Az)—F Az |-
f (v, Az) H(w+Az)—Fi(w) z w(w+ Az) ; ((w—ak) (w— ar + Az)
We have
= 7% lim (Az)_]L f(v,Az) =r* lim f: i _ 1
N=T A 7 Azmoo e= \ a2 (w—ag) (w—ap+ Az) )’

(4.7)

10

tar, k=1,2,...



and
Uh(2) =12 (2= am) 2 = An] = 1A + g1 (4.8)

m#k

We have determined 1} (2) and q;. We now proceed to determine 7 (z) and
¢2 by the same method.
It follows from (3.12) with [ = 2 that

UR(2) =123 |2 = an) 0L (i) — Al ()| T A (@) +ae, (4.9)

m#£k

where 9}, (2) has the form (4.8), g» is an undetermined constant. The relation
(4.2) with [ = 2 implies

o> (t) = ¢p (t) — bh (1), [t—ax| =7, k=0,1,2,..... (4.10)

One can consider (4.10) as a boundary value problem with respect to ¢? (z)
and ¢7 (z) with the functions ¢} (¢) defined by (4.5) with Gy (2) = q12 + ¢;.
Let us note that the function ¢ (z}) is meromorphic in |z — a| < r. Hence,
the equality (4.10) implies

¢* (2) = F2 (2) + G2 (2),

where I (z) is a meromorphic function, Go (z) is an entire function. Then

(B =FH G+ 0@ + 6.

The constant ¢o can be calculated by F» (z) and G (z) .
By the same method we can find ¢} (2) and g3, 1} () and ¢4 and so on.

5 Effective conductivity tensor

In Sec.3 and 4 we determine the functions ¢y (2) = ¢£ (2). Using (2.8) we
now proceed to calculate the value

1 n
A — AT =1+ 2pv i . 5.1
e (2 + panI{:on+1kz:2¢k(ak) ( )

It follows from (3.10) and the equality ¥ (2) = 1 that (5.1) can be written
in the form

AE— AT =14 2pv + 2p*0Q1 + 2p%0Qs..., (5.2)

11



where @Q; := lim,,_ %HZZ:O Yt (ag), | = 1,2,... . Each limit Q; exists
because the value A\ —iAZY is an analytic function with respect to p in the
unit disk |p| < 1 (see Bergman (1978, 1982, 1985), Bergman & Dunn (1992)).
It follows from (5.2) that

AT — A =14 2pv + 2p°vQ1 + o(p?), as p — 0, (5.3)

We now proceed to calculate the limit

n—oon + 1

Q1 = lim — > i (ar) .-
k=0

Using (4.8), (4.7) we obtain Q; = r%S,, where

1

‘ 1 n 00 i . 00 1
Sy =1 —ay,) = A+ ] —
2= 41 Z Z [(ak i) }+Azlinoo — (ai (w — ag) (w— ap + Az)

k=0 m=1m#k k=1
(5.4)
We call S5 the generalized Rayleigh sum of second order. It depends only
on geometric parameters of the composite material. Using S5 one can write
(5.3) in the form

AE— MY =14 2pv + 2p*0° Sy /7 + 0(p?), as p — 0, (5.5)
If the points a; generate a doubly periodic lattice, then
Sy =a '2¢ (a)2). (5.6)

Here the values a > 0 and 3 € C (Im 3= a™!) are the fundamental vec-
tors on the complex plane C generating the lattice, ¢ (z) is the Weierstrass
function (see Hurwitz (1964)). The value Sy from (5.6) is related to the condi-
tionally convergent sum >_,_, a; * discussed by Rayleigh (1892), McPhedran
et al. (1978), Perrins et al. (1979), Mityushev (1995a, 1997¢) and others.

It follows from the homogenization theory of random media that the limits
(4.7) and (5.4) exist and do not depend on w and . This notation can be
useful to discuss the homogenization of a composite material. If the limit
(4.7) depends on w then the material in question is not homogenized. This
situation is possible when the area fraction of inclusion v does not exist. If
the limit (4.7) depends on « then we have different properties of the material
in different directions asymptotically defined by the curve v (see Fig.1).

In order to determine \Y we have to apply the external field along the y
axis. In this case we arrive at the R-linear problem

O (t) =p (t) — poi (t) +it, |t —ag| =7, k=0,1,..., (5.7)

12
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instead of (2.6). This problem is solved by the same method as the problem
(2.6). In particular we have

N =1+ 2pv +2p°v? (2 — Re Sy/7) + o(p?), as p — 0. (5.8)

The relations (5.5) and (5.8) determine the effective conductivity tensor A,
in the second order approximation with respect to p. Rather than presenting
A, by (5.5) and (5.8), it is more useful to give the components of A, along
its major and minor axes, \nq; and Anyin, and the angle between one of the
principal axes and the z axis, #. Thus the result of the computations are
presented as follow

Amaj = 1+ 2pv + 2p*0* + 2p%0% [ Sy /m — 1], (5.9)

1
)\min =1+ 2,0U + 2102/02 - 2p27)2 |SQ/7T - 1‘ , tan 20 = 5 arg (S2/7T — 1) )

where arg (Sy/m — 1) is the argument of the complex number Sy/7 — 1.
Using Keller’s theorem for random media (see Berdichevskij (1983)) one
can derive (5.8) and (5.9) directly from (5.5).

6 Conclusion

We have studied the transport properties of a two-dimensional, two-component
composite medium made from a collection of non-overlapping, identical circu-
lar disks, imbedded in an otherwise uniform host by the method of functional
equations. An algorithm to calculate the effective conductivity tensor in an-
alytic form has been proposed in Sec.3 and 4. This tensor has been evaluated
to within a second order approximation in Sec.5. We have also discussed a
generalized Rayleigh’s sum of second order and its both the applications to
homogenization and anisotropy of random media.
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The present section is based on the theories of the meromorphic and el-
liptic functions (see, for instance, Hurwitz (1964)).

Lemma A.1. Let the set A := {a,},o, C C satisfies the conditions of
Sec.2, i.e. the discs |z — ag| < r model inclusions of a homogenized composite
material. Then the series .

> la ™"
k=1

converges for m = 3 and diverges for m = 2.

P r oo f Let us construct the lattice Q4 generated by the fundamental
vectors s and is with the zero cell {z =z + iy € C: |z| < s/2,|y| < s/2}.
Let e; be the center of the j-th cell of Q,. We assume that ey = 0, |e;] <
’€2| S |€3| S e

If m = 3 then we take a lattice Q, where s is chosen in such a way that
each cell contains no more than one point of A. Let b; = e; if the j-th
cell does not contain points of A, and b; = a; in the opposite case. Here
the pomts b; and a; belong to the same cell. It is known that the series
> i le;| ™ converges. Let us prove that the series > e 1bs | 7% is convergent
too.

Using the inequality ||b;| — |e;]| < s/v/2 we have

[e.e] o0

- - S -3 -1 -2 -2 -1 -3
D (b1 = lesl %) < =D (b1 el ™ 4 (o 7 es |72 4 1517 ey 7).
j=1 V2 i=1

<.

Estimate the first term:

o0

_ _ _ S > _ _ _ _ _ _
> (1057 e T = e ™) TZ L i e e e e LTl IS i

J=1

The next step gives estimation for 7>, b;| 7 e;| 7 through P le;| 2.
Hence, the series )77, b;j|~* converges. Therefore, the series S50 |az| ™ is
convergent, since it is majorized by > 77, |b;]

In order to prove divergence of S5 | |ag|~? let us choose such s that each
cell of the lattice Qg contains points of A. It is always possible to do it
because the points a; are uniformly distributed in C. The rest proof is based
on divergence of » 77 le;| 2.

The lemma is proved.

14



Corollary. It follows from the theory of meromorphic functions and
Lemma A.1 that a meromorphic function f(z) having simple poles at ay

with the residuum 1 has the form f(z) = Fi(z) + G1(2), where Fy (2) has
the form (4.4), G1(z) is an entire function.

Lemma A.2. The series

oo
g z — ak — a,;Q] + 272

k=1

converges absolutely and almost uniformly in C\A. The function o9 (2) sat-
isfies the property P°.

P r o o f. Following Lemma A.1 we introduce the series

[e.9]

Yo l=b) = 27 (A1)

7j=1

which majorizes |03 ()| in C\B, where B := {b;}"" . Despite of C\B C C\A
it is sufficiently to estimate |05 (z)| in C\ B, since we can change by translation
the part of B not belonging to C\ A. So let z belongs to a compact subset
K cc C\B. We have

Z‘(z—bj) —b2\<2}2_b (z —e;) 2|+ (A 2)

oo oo

— *2‘ ‘ 2 _
E ‘ z—ej)  —ej7| + E b;
J=1 J=1

Similar to Lemma A.1 the third series is estimated by the convergent series
> =1 le;| 7. Tt follows from the theory of elliptic functions that the second
series of (A 2) converges absolutely and uniformly in K.

Let us study the first series (A 2). Let z belongs to the k-th cell of the
lattice Q. Estimate

SL;pZ!(z—bj) (z —ej) ‘—
j=1

sup<|(z—bk) (z —ex) |+Z|z—b z—e])_2|>.

k
J#k
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We have

DolE=b) = (z—e Z =0 =0z — el 7).

i#k Gk
The following equalities

s | | s
V2 TV2
hold. Hence, the series (A 3) is estimated by the following series

Sl e

ik

|2 = bj| <]z —ej| +—= and |z — b >

-1

+Z|z

J#k

S

V2

Z—ej—— e — el -

The last series is estimated by the series > iz |z — € |~ uniformly convergent
in K.

The lemma is proved.

Along similar lines we can prove the following

Lemma A.3. The series

Z z—a) " (n=23,4,..)
k=0

converges absolutely and almost uniformly in C\A. The function o, (z) sat-
isfies the property P°.

Appendix B

In the present section we discuss the R-linear problem (3.9) for the in-
finitely connected domain D. Let us note that the R-linear problem for
finitely connected domains was studied by Bojarski (1958), Mikhajlov (1970),
Mityushev (1985, 1997d).

Let us introduce the functions

- [e@dnw@ = [ w@dn k=01,

Ap4-T

where w is a fixed point of the domain D. Integrating (3.9) we arrive at the
relation

w(t)=wg (t) —vwp (t) + e, [t—ap| =7, k=0,1,..., (B 1)
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where ¢, = [***" 4, () dz are constants.
Following Bojarski (1958) we introduce the function

U(2):=w(2), z€ D,

U(z) =wg(2) —vw (2) ek, |[z—ap] <7, E=0,1,....

This function satisfies the following partial differential equation

where 4 =0in D, p =v in Dy, k =0,1,... . Inequality |u| < 1 implies that
equation (B 2) is of elliptic type. We have
li = 1 .
z—>t1£I€1Dk U (Z) z—nlfgleD U (Z)
Therefore, one can consider (B 2) as an elliptic equation in a class of gen-

eralized functions on C. We now proceed to investigate U (z) at infinity. It
follows from the maximum principle that

U (2)| < [U(t)] for |z| <R,
where R > 0, t is an appropriate point of 0D depending on R. We have
U@ < (4 [w]) lwr ()] + lee], [t —arl =7,

lwe (1) < 2T, |ex] < lag + 1 —w| M,

where T := supy, |1y, (t)|, M :=sup |¢ ()| . Hence |U (2)| < ¢|z|, as z — oo,
where ¢ is a positive constant. The general Liouville theorem implies that
U (z) is a R-linear function az + 8z 4. Therefore, w (z) is a linear function
in D, and ¢ (2) = w/ (2) = constant in D. Substituting this constant into
(3.9) we obtain that ¢y (2) =0 (k =0, 1,...).
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