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Abstract

We solve an R-linear problem for a multiply connected circular
domain in a class of doubly periodic functions in analytic form by a
method of functional equations. This problem models transport prop-
erties of two-dimensional composite materials made from a collection
of disks imbedded in an otherwise uniform host.
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1 Introduction

Transport properties of two-dimensional doubly periodic composite materials
made from a collection of non-overlapping circular disks imbedded in an
otherwise uniform host are considered. There have been many theoretical
approaches to this problem. One of them is to consider specific periodic
structure, and to solve approximately or analytically the transport problem.
Grigiluk & Filshtinskij [4] applied a method of singular integral equations to
boundary value problems for doubly periodic functions. McPhedran et al.
[9] (see also papers cited therein) studied the square and triangle arrays of
disks. Having based on the classical paper of Lord Rayleigh [14] they reduced
the problem to an infinite set of linear algebraic equations. Similar results
are also represented in [4] and works cited therein. Kolodziej [6] applied the
method of collocations to study a wide class of doubly periodic composite
materials. Sangani & Yao [16] developed the method of singular solutions and



reduced the problem to an infinite set of equations. In the works [4, 9, 16, 14]
and others the infinite sets had been truncated to give various low-ordered
formulae for the effective transport properties.

A method of functional equations has been applied in [10, 11, 12]. The ef-
fective conductivity tensor has been written in analytic form for an arbitrary
doubly periodic array of disks. In the present paper we proceed to use the
method of functional equations. This method is applied to a doubly periodic
array with each unit cell containing N circular inclusions whose size, location
and the properties are completely arbitrary. The crucial point is based on
solution to an R-linear problem. The effective conductivity tensor is written
in analytic form. The method of functional equation is closely related to a
method of perturbation. See Sec.3. One can find advanced applications of
the perturbation theory in [17].

A typical problem of shape optimization is to minimize an energy function
over the set of the characteristic inclusion functions which take unity in
their corresponding domain and zero elswhere. Let us note that shape and
number of inclusions are not fixed in this statement. Such optimal design
problems are successfully solved by homogenezation methods (see [1, 7, 2]
and ‘references cited therein.) In Sec.6 we discuss another class of optimal
design problems, when it is necessary to locate N circular disks with given
sizes and properties in the unit cell representing a composite material. Our
goal is to determine such a location of the inclusions that anisotropy of the
homogenized material reaches the maximum value.

In Sec.6 we determine the principal axes and the angle between one of
them and the x axis. We introduce the anisotropy coefficient involving only
geometrical parameters. As to our knowing such quantitative values were
not used earlier. This study is useful in technical applications, because the
major and minor axes are the most effective directions of conductivity and
isolation, respectively. So using our formulae a designer can project complex
fibre composite materials to reach optimal properties in given directions.

2 Formulation of the boundary value prob-
lem

We consider a lattice @ which is defined by the two-fundamental translation
vectors a and ia~! (o > 0, i = —1) in the complex plane C 2 R?. The zero-
th cell Q(o,0), the basis of Q, is the rectangle {z = tia + tria™' € C: —1/2 < t, <1/2, p=1,2},
where z = x 4 1y is a complex variable. For the area holds ‘Q(O,g)’ = 1. Let
& := U;{¢;} be a doubly ordered set of the numbers e; := (ma + maia™),



where j = (' my, m2), my and my are integer, e o) = 0. The lattice Q consists
of the cells Q5 = Qo,0) + ¢j := {z €C: z—g¢c€ Q(070)}.

Let us consider mutually disjoint disks By, := {z € C: |z —ay| <1} (k=
1,2,...,N) in the zero-th cell Q). Let D = Q0)\ (U,ZCVZIIB%k U ']I‘k), where
T, :={t € C: |t — ax| = rr}. Here and after we use the letter z for a variable
in a domain, ¢ - on the boundary of a domain. We study the conductivity
of the doubly periodic composite material, when the domains D + e; and
Bj + e; are occupied by materials of conductivities A = 1 and A, > 0, respec-
tively. We find the potentials u (z) and wy (2) to be harmonic in D + e; and
By +e¢; (k=1,2,...,N; ¢; € £) with the conjugation conditions:

0 0
U = U, 8_Z:>\k£ on |t—ag| =mr,, k=1,2,..,N, (1)
where % is a normal derivative. The function u (z) is quasiperiodic in C:
u(z+a)=u(z)+a, u(z+ia") =u(z). (2)

The equalities (2) mean that we fix the z-direction of the external current.
The problem (1), (2) is equivalent to the following R-linear problem [13]

where pp := (A\p — 1) / (Ax + 1), the unknown functions ¢ (z) and ¢y (2) are
analytic in D and By, respectively, and continuously differentiable in the
closures of these domains. The function ¢ (z) is quasiperiodic in C:

gp(z+a)—i71:<,0(z):go(z—i—ia_l)—i’yg,

where 7, and 75 are real constants. The harmonic and analytic functions are
related by the identities

2
—1+)\k

u(z) = Re (p(2) +2), u(2) Re ¢y (2). (4)

We have to prove only that ¢ (2) is single-valued in the multiply connected
domain D. Using (3) we have

/ @ (t)dt = / Ok (t)dt—pk/ Ok (t;)dt—/ tdt =0,
Tg Ty Ty Ty

where ¢ := r?/(t — a;) + @ is the inversion with respect to Ty. Let us
note that the functions ¢y (t) and ¢ (t;) are analytically continued into



|z —ag| < rp and |z —ag| > 7, respectively. In order to determine the
current Vu(z,y), Vug(z,y) we need only the derivatives

= ()= O = () = L Ok
w(Z) —gp<z>—ax Zay7wk<z) —SOk(Z>— ax Zay

Differentiating (3) we arrive at the following R-linear problem

2
b () = e (1) + (—) T @ =1, [t — gl = 1, k= 1,2, N, (5)

t—(lk

where the function 1 (z) is doubly periodic.

3 The perturbation method

The perturbation method with respect to the parameters py (kK =1,2,...,N)
consists in finding a solution of the problem (3) in the form of the following
expansions

0 (2) =" () + D> (2) + ey 01 (2) =G0 (2) + Y pmiprs (2) + .

By substituting these expansions into (3) and collecting terms with respect
to pjpi...pm We obtain a cascade of the jump problems. The zero-th one is

O t)y=pp(t)—t, [t—ar| =7, k=1,2,...,N,
where ©° (2) is quasiperiodic. It is easily seen that

P (2) =0, pp(2) =2

is a unique solution to the zero-th problem up to an arbitrary additive con-
stant. The first-order problems are

gp}n (t) = cp}nk (), [t —ag| =rg, for k=1,2,.... N; k # m, (6)
2

Tm
Pl) = D= (22 400 )l anl =1

m = 1,2,..,N. The first equality (6) means that the function ¢! (z) is
analytically continued into |z — ai| < 71 for k # m. The second relation (6)
implies that o} (z) is analytically continued into 0 < |z — a,,| < 7, and has



a pole at z = a,, of first order. It follows from the theory of elliptic functions
[3] and [10] that

P (2) = O (2) = 1 [0z = (2 — a)] , for &k #m,

where 171 = 2¢ (a/2), ((z) is a Weierstrass’ function. Hence,

P (2) =1 [07 2 = C(2 = am) + (2 = am) ™' + am] |

N

op(2) =2+ Z PmT2 [a‘lnlz —((z — am)] + (7)
m#k

prrilatmz — C(z —ax) + (2 — ag) ™t + ax] + o(p), as p — 0,
Uk (2) = 1+ 0 pmr2 [0 1 + P2 — am)] +

peri [ + Pz — ar) — (2 — a)7*] + o(p), as p — 0.

Here p := maxy |pr|, P(2) = —('(2) is the next Weierstrass’ function, m runs
from 1 to N, except k, in the sum 7 i+ The second and third formulae (7)
represent the complex potential and the current in |z — ax| < 7 up to o(p).

4 The method of functional equations

In Sec.3 a perturbation method has been applied to the R-linear problem (3).
The zero-th and first approximations have been calculated. It is possible to
continue this procedure and to find higher terms. Actually we shall do it by
means of functional equations. This method leads to exact solution of the
problem.

We are going to use the conditionally convergent sum S, := Zj / ej_2 and
absolutely convergent sums S 1=} / ej_l (I = 3,4, ...) corresponding to the
lattice @. The sum ZJ. / contains all cell centres ej, apart from the origin,
when j = (0,0). If [ is odd then S; = 0 and Sy are real numbers [14]. We
shall use Einstein’s summation [18], then

Sy i=a g =a 2 (a/2). (8)

A rigorous explanation of the definition (8) will be given later. Note that if
a = 1 then Sy = 7 [14]. We are going to use also the Eisenstein functions
[18]:

E (2):= Z(z—ej)_l, [=3,4,.., 9)

J



where the series (9) converges absolutely and uniformly in each compact
subset of C\¢&,

Ey(2) =P (2)+ Ss. (10)
Let us consider the Banach spaces Cj consisting of the functions contin-
uous on |t — ag| = rp with the norm ||¢y| := maxr, [y (¢)], £ =1,2,...,N.

And let us consider the closed subspaces C;” C Cj, for which the functions v,
have analytic continuation to |z — agx| < 7. We also introduce the Banach
spaces C* consisting of the functions ¢ (¢) := ¢ (t) € ¢ forallk =1,2,.., N
with the norm |[[¢]] := maxy, ||¢k||. We shall use the following

Theorem 4.1. [11]/Introduce the operators

Ty (2) == (r—k>2 lwk (A + ak) - 1/%(%)] , (1)

Z—ap — € 2 — a — €

Y €Cl, k=1,2,..,N, j= (m1,ma).

i) The series Y _; /Tiiby (2) converges absolutely and uniformly in Qo 0)U
9Q(0,0) for each iy, € C; .

i) The function 3, Tyx (2) is analytic in D, continuous in DUOD and
doubly periodic in C.

iti) The linear operator ) Ty, (2) is compact in C;f.

Using this theorem we introduce the function

200
Yin (2) = S0 i 35 Tyt (2) + o (222) o (@) = 1, |2 = ] < 7o,
O (2) = m=1,2,.., N,

¥ (2) = iy e 2 Tt (2), 2 € D,
where the term with k = m, j = (0,0) is missed in the sum 35, pi > It
follows from Theorem 4.1 ® (z) is analytic in D, all By, and doubly periodic
in C. Let us calculate the jump

A :talzil,gleD(I)@)_thigéqu)(Z):w@)_
2 2
(722 ) o [ @ = o)) = o (22 ) e 41
It —am| = Tm-

Taking into account (5) we obtain A = 0. Using Principle of analytic con-
tinuation and the general Liouville theorem for doubly periodic functions [3]
we conclude that

N
D (2) = Z P U (@) Ba (2 = ay) + C,
m=1



where C'is a constant. In order to be consistent with (7) we put C' = 0. Here
the relation (10) is used. From the definition of ® (z) for |z — a,,| < 7y, we
have the following set of functional equations

U (2) = (12)
S e {5 Tt (2) + 180 (@) [Ba (= = @) = Gm (2 = @) ]} + 1,

|z — am| <rpm, m=1,2,..., N,

with respect to v, € C. Here 0y, is the Kronecker symbol. Let us rewrite
(12) as an equation in the space C*

v =Ay +1, (13)

where Av (2) i= S0, pr { 25 e (2) + 180k (a0 [B2 (2 = @) = ban (2 — @) 7] |
Y (2) == Uy, (2) for |z — ap| < 1y It follows from Theorem 1 that A is a
linear compact operator in CT.

Theorem 4.2. Equation (13) has the unique solution 1 =% >~ A™1. The
last series converges in C™.

Proof 1t is sufficient to show that r (A) < 1, where r (A) is the spec-
tral radius of the operator A. The operator A as a compact operator in
the Banach space C* has the spectrum consisting only of eigenvalues. The
inequality r (A) < 1 is valid if and only if there exist a complex number v
such that |v] < 1 and the homogeneous equation ¢ = rvA has a nontrivial
solution. This equation can be written in the form

Ym (2)=v) i {Z Tyt (2) + it (ar) [E2 (2 —ar) — %—mz} } :

(z — ax)
If ¥y, (2) is a solution of (14) then the function

|z —am| <rpm, m=1,2,..., N. (14)

V(z)=v) p {Z Ty, (2) + e (ar) Bz (2 — ak)} (15)

is doubly periodic and analytic in D U dD. It is easily seen that ¥ (z) and
Wy, (2) satisfy the R-linear problem

2
U (t) = tm (t)+V( T"; ) P (), [t = @) = 1, m =1,2,...,N. (16)

t_m

7



It was shown in [11] that the R-linear problem (16) for N = 1 has only zero
solution. The same arguments [11] for the general case N > 1 yield the same
result. i.e. ¥, (2) =0, m=1,2,...,N.

The theorem is proved.

Let us introduce the operator

Tk 2 T‘]%
Wit (2) == T o) Ule—=—=tau)
k €j z ag €;

and the series

Z Wit (2 Z Tiwihr (2) + 7itn (ax) Es (2 — az,) (17)

for Y € C;", k=1,2,...,N. Then (12) becomes

N
= Zpkz IWiahe (2) + 1, |2 = am| <7y m=1,2,...,N. (18)

It follows from Theorem 2 that we can apply the method of successive ap-
proximations to (12) or (18), which gives the following exact formula

=1+ Z Pl Z W.]lkl (19)

ki=1

Z Z Pki1 Pk Z W.]lk'l Z szkg +, |Z - am‘ <rm, m=12 .. N.

k=1 ko=1
The series (19) corresponds to the method of perturbations derived in Sec.3.
It is worth to note that the compositions of the operators Wj;, are simple
in calculations, since they do not contain integral terms. The series (19)

involves infinite sums of the elliptic functions. For instance, the function
¥ (2) up to O(p?®) has the form

N
Y (2) =14 D prry Bo(z = any) = pntin(2 = ) (20)
k=1
-2 rh
+ Z Z PraTh, PhaThy Z “(z—ak, —e) T Ey <# + g, — %)
k‘1 1 ko#ky < akl e‘]
* —2 r/?:l O 3
+kzlpkl7"klz (2 —ak, — ;) "o T g +0(p"),
1
as p — 0,



where the term k; = m, j = (0,0) is missed in Zgzl ;- The function [18]

o9(2) == E Z (2n —1) I )
n=1

is analytic in (o). Moreover, in accordance with the definition (17) we

assume that
2 S ——
¥ (r_’f) — 0 (0)
Z — ej

2
_9 r -2
e () =X
j j
n (20). Comparing (20) and (7) and using (10) we conclude that the value
Sy is correctly defined by (8).
Another method to solve the set of functional equations (18) is to use the

expansions on 7} 7, .75 . We find 1, () as the following expansion

N N N
¢m (Z) = ¢2L (Z> + Z Tzll/fklm (Z) + Z Z 7”1%17"1%2¢k1k2m (Z) +

k1=1 k1=1 ko=1

+V (0)E; (2)

Let us represent the operator ZJ. Wt (2) in the form
Z ijwk Z alkrk El+2(Z — ak)

where 1 (2) = > 2 am(z — ax)" is the Taylor expansion of the function
Yy (2). Substituting these expansions into (18) we obtain

N N N
Z) + Z T;%ld)klm (Z) + Z Z lelrligd}hkzm (Z) +...=

k1=1 k1=1ko=1

Z Pk Z Oéuﬂ’k El+2(2 — ag) (21)
ktm =0
+pm ZWT%ZH) [El+2(z - am) - (Z - am)_ﬂ + 17

|z —am| < 1Ty, m=1,2,... N,

where

N N N
_ 0 2 2,2
= o, + E Tiey Qkym T g g Tiey They Otk kom T+ -

k1=1 k1=1ko=1

9



Collecting terms with respect to 7 r7,...r7, we arrive at the following recur-
rent formulae

U (2) =1
Vkym (2) = pr, Bo(2 — ag,) for ky # m,

Vmm (2) = pm [E2(Z —am) — (2 — am)iﬂ )

5 Effective conductivity

Let us find the effective properties tensor

Ao A
A= ( N )
of the composite material represented by the zero cell Q) 0). We consider A\Z
and A\2Y. The coefficient \Y will be considered below. Followmg [10] we have

N N
=T Ao AV =TV ALY

where

// —dxdy, = // au—mdxdy, JY = // —dmdy, JY —// au—mdxdy.

The functions w and wuy satisfy the problem (1), (2). Using the complex
potentials we obtain

2 2 2
Tt [ [ e e @iy g = 5 [ [ R 2, e

Since ¥, (2) = @), (2) = [Re pm (2)], — i [Re om (2)],, hence we have

N
MN—iNY =142) p / U (2) dzdy.
m=1 Bm

By virture of the mean value theorem of harmonic functions we obtain

N
A: - Miy =1+2 Z PV ¥m (am) ) (22)

m=1

10



where v,, = 7r? is the area fraction of the inclusions of conductivity A,,.
Basing on (19) we have the exact formula (22) for A¥ —iA?Y. In particular,
using the approximate formula (20) we have

N N N
Sy 1
e T UA +va+ﬂ_zpvpk@k+7rzpvpkvk (ax — am)

(23)
o N N N .
= /(s _ _ )2 .k _
Tt Z Z Z PmUm Pk Vki Plez Uk Z (z—ap, —€5) " By <—z = akll — + ak, akz)
m=1 k1 =1 ka1 ]

2
T3 N X (2 — o — ) o2 (=) + O(pt), as p — 0.
We now proceed to calculate the value \Y. It is sufficient to change o by
a~! and apply the formula (22). Let us consider the lattice Q* defined by
the fundamental translation vectors a~! and ia. By virture of (23) we have

N N N
S 1

Ag ALY = 142 mUm =2 mUm - mUm P —Um

THIAD + va%—ﬂ vapkvk+7Tvapkvk (ar—an,)+

m=1 m,k=1 m#k

N N N 2

2 * -2 Ex rkl

- PmUm Py Vky Pley Vko (z — ap, — ¢) 2 | =— * K, — Qi
T Z— A, — €j

m=1 k1=1 ka#k, j J
(24)
2 & T}
x —2 k
+— Z Pk, Vr, Z (z—ag, — &) "0 | =—=—) +O(p"), as p— 0,
Y P ] 2= 0k — 6

where S5, P*, Ej and o3 correspond to the lattice Q*. We try to calculate
the parameters of Q* by the parameters of Q changing e; by ¢e;. It is easily
seen that P* (2) = P (iz), Ej(2) = Ey(iz), 05 (z) = 02(iz). So we need
only to calculate S; by Ss. It is known that [14, 15]

w2 (1 = B w2 (1 =, mhm™
Sa(p) = ? (5 -2 E sinh 2(71']) lm)) = ? (g -8 E 1_ h2m> , (25)
n=1 n=1

where p is the ratio of the sides of Qop), h := exp(mp~t). Hence, we have
Sy = Sy(a?) and S5 = Sy(a™?2). We also prove the following relation

Sa(p) + Sa(p~t) = 2. (26)

11



The direct proof of (26) by (25) is not known. Our proof is based on the
following fundamental identity [5]

Ne(p)AY(—p) = 1. (27)

This formula relates the effective conductivity AZ(p) of the simple rectangular
array of cylinders (N = 1) of conductivity A\; = (1+p)/(1—p) to the effective
conductivity AY(—p) for the same array but with cylinders of conductivity
A1, The conductivity of the matrix is equal to unit in the both cases. We
may take the simple rectangular array and prove (26) in this case, since Ss(p)
depends only on the ratio p. First we note that Sy(p) is real number [14]. By
(24) we have

N(p) = 14200+ 252028 (p) /7 + O(4), (28)
N(=p) = 1=2p+20"°Sy(p™")/m+ O(p’), as p — 0,

where v = 7r?. Substituting (28) into (27) and preserving terms up to O(p?)
we obtain the relation (26).

6 Second order approximation and optimal
design problems

In Sec.5 we obtain the exact formulae (22), (19) for the components of A..
The third-order approximation (23) is deduced from (22). In the present
section we use only second-order approximation. So (23), (24) take the form

N S N
Ay —iNY =1 2 mUm 2 mUm
e LAe + Zp Upp + T Z PmUm PrVk

m=1 m,k=1
1 N
+; Z pmvmpkvkp(ak - CLM) + O(pB), as p — Oa (29)
m#£k
N S N
M ANY =142 v + <2 - ?2) > Pmmprvr
m=1 m,k=1

N
1 .
+; Z pmvmpkka@(ak - am)) + O(p3)7 as p — 0.
m#£k

Rather than presenting A, by (29), it is more useful to give the components
of A, along its major and minor axes (Apqj and A, ) and the angle 6 between

12



one of the principal axes and the z axis. The values A,,,; and A, satisfy
the square equation

(AL =N =2) = (X&) =0. (30)

e

The angle 6 has to satisfy the relation
A2V (exp (i0) ay, exp (i0) az, ..., exp (i0) ay) = 0, (31)

where A2Y = A% (ay,ag,...,ay) is calculated by (23). Let us discuss the
equalities (30) and (31) in the second-order approximation. Using (29) we
obtain from (31) the follwing equation

N

Z PmVmprvIm P (exp (i0) (ar — am)) =0 (32)
m#k

with respect to 6.
Let us consider the case of the same inclusions, i.e. pr = p, vy, = v/N for
each k =1,2,..., N. Then (29) becomes

N =i = 14 2p0 4 20%0° + pPk 4+ O(p), (33)
NN = 1 —2pv 4 2p%0% — p*0%k + O(p?), as p — 0,

where N
Sy 1
K:=2 <? - 1) + W%P(ak - am).

We shall call the value x by the anisotropy coefficient. In this case equation
(32) becomes

N
Im Z P (exp (i0) (ax — an)) = 0. (34)
m#£k
Solving equation (30) in this case we obtain
Amaj = 1+ 2pv+2p%0° + p*0® |k| + O(p?), (35)
Amin = 1=2pv+2p*0" — p*0” || + O(p?), as p — 0.
One can see that for the fixed p and v the value A,,,; attaches the maximum
up to O(p®) (Amin attaches the minimum) simultaneously with |x|. We now

prove this up to O(p?).
We consider the coefficient A\Z¥ in the third-order approximation:

N 2
AV = p*? (—Im K+ pv;]m (X + Y)) +0(p?), as p — 0,

13



_ r?
Z Xokls Xkt 1= Z /(am—ak—ej) By (ﬁ + ap — Gl),
m — Wk — €j

N
14k j

<
WE
] =
<

2
r
o E -2
mk> Ymk = /<am — ar — ej) 02 | ——
" Ay, — A — €5
J

2(20 + A2) ZE(") (20) = " (-1)" (n+ 1) Eya(z)(A2)".

Xonki Z Z )" (n A+ 1) (am — ax — &) By (ay — ay) =

(=1)"r*" (n+ 1) Enyo (am — ag) Enia (ar — ap) for k #m,
n=0
and .
Xonmi = Z (=1)"r*" (n 4+ 1) Spy2Enia (am — ar).
n=0
Similar

= Z =Y (20 — 1) Sy, By (am — ai) for k # m,

o0

Zr4(" ) (2n—1) S5 .

n=0

Using the properties of S,, wee have

X+Y:ZZZZ n 2n n+1)En+2(am—ak)En+2(ak—al)

14



N oo
Z Z r = (o — 1) 52 .
m=1 n=0
Calculating X + Y one can see that X +Y = X 4+ Y hence X +Y is real.
Thus we have completely derived two-component composite material up to
O(p"). In particular we have proved that (34), (35) are valid up O(p*). To
take into account higher-order terms on p we need to study more complicated
formulae (23). In particular formulae (34), (35) are corrected by higher-order
terms on p.
In Fig. 1 - 4 we present numerical examples for the square array of
cylinders, when S = 7 in the case N = 3.

7 Conclusions

The R-linear problem (3) for a multiply connected circular domain in a class
of doubly periodic functions has been solved in analytic form by a method
of functional equations. Using this solution we have obtained the effective
conductivity tensor of two-dimensional doubly periodic composite materials
made from a collection of disks imbedded in an otherwise uniform host. The
anisotropy coefficient has been introduced. This coefficient involves only
geometrical parameters of the cell in consideration and derives anisotropic
properties of the material in macroscale up to O(p?).
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Fig.1. The coordinates of the centers, a; = 0, ay = 0.3, a3 = 0.5 + 0.2:.
The calculated angle, 0 = 0.765 = 1.114; the modulus of the coefficient of
anisotropy, |k| = 0.884.

Fig.2. The coordinates of the centers, a; = 0, as = 0.5, az = 0.3 + 0.61.
The angle, = 0.35 = 0.471. The modulus of the coefficient of anisotropy,
k| = 1.031.

Fig.3. The coordinates of the centers, a; = 0, as = 0.5, ag = = + 0.6:.
The maximum modulus of the coefficient of anisotropy, |x| = 0.731 (circle);
the minimum, |x| = 0.584 (dots).

Fig.4. The graphic of the function |« (x)|, when a; = 0, ay = 0.5, a3 =
x + 0.6¢.
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