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On the Riemann-Hilbert Problem with a
Piecewise Constant Matrix
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Abstract. A constructive solution to the Riemann—Hilbert boundary value problem
as well as to the C-linear conjugation problem (or Riemann problem) with a special
piecewise constant matrix for a multiply connected domain is obtained. The result
is based on a vector generalization of the scalar method of functional equations in
complex domain and on application of the Christoffel-Schwarz transformation of the
half-plane onto a circular polygon.
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1. Introduction

The aim of this paper is the construction of solution to the vector-matrix Rie-
mann boundary value problem for circular multiply connected domains. We
develop here the proposed method only for the case of constant matrix coeffi-
cients on each connected component of the boundary under some restrictions,
but it can be done also for more general coefficients. The main idea of the
method is the reduction to a system of functional equations in complex domain
as generalization of the results for scalar case presented in the monograph [25].
We restrict our considerations to the model case in order to get the solution in
the most simple form which is very important for applications.

The solvability of boundary value problems with matrix coefficients has
connection to different problems of analysis. The most natural of them are
Fredholm (Noether) properties of the singular integral operators [9, 10, 17], and
the solvability of the systems of singular integral equations [16, 29]. One of the
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basic method for studying these problems is a factorization of matrix-functions
in different function spaces settings as developed in [23] (see also the recent
contribution by Ehrhardt and Spitkovsky [11] and references therein).

The factorization of matrix functions is closely related to the question on
existence and construction of a linear differential equation with given singular
points and a given monodromy group (for extended exposition on this relation-
ship see, e.g., [11]). In Fuchsian case (i.e., when all given singularities are simple
poles) the latter problem coincides with celebrated 21st Hilbert problem (or the
Riemann-Hilbert problem) (see, e.g., [5]). Existence seemed to be proven by
Plemelj in 1908 [27]. His idea was the reduction of the factorization problem to
the following homogeneous boundary value problem

OH(t) =GH)P (1), teTl, (1.1)

with respect to vectors ®*(z), ®~(z) analytic in domains DT = intT", D~ =
ext I', respectively. Here, I' is a piecewise linear contour connecting the given
singular points and G(t) is a piecewise constant matrix, which is constructed on
the basis of the given monodromy. The problem (1.1) is usually called vector-
matrix Riemann boundary value problem (or C-linear conjugation problem with
a matrix coefficient). Much later it was shown that the proof by Plemelj is not
complete in the general case (but it is still correct in the case when at least one
of the monodromy matrices can be diagonalized, see, e.g., [3]). Description of
the negative solution to the 21st Hilbert problem is presented in [5]. In contrast
to the Fuchsian linear systems, a similar problem for the class of systems with
regular singular points has always a positive solution (cf., e.g., [6]). The C—
linear conjugation problem (Riemann problem) (1.1) is closely related to the
following one (Riemann—Hilbert problem):

Re {G()®(1)) =0, teT, (1.2)

with respect to ®(z) analytic in DT

The problem we consider here is a special case of the problem (1.1). Let E
be a unit matrix. The essential restriction is that in our study the matrix G(t)
in (1.1) satisfies the condition

G*(t)=E, teT, (1.3)

and G(t) = E on certain components of I' (hence we deal with the problem for
multiply connected domain). The problem (1.2) is solved without the restric-
tion (1.3). Therefore, we are always in the situation when the existence proof
by Plemelj is still valid. We only present a constructive solution to boundary
value problems, and thus a construction of a factorization problem in the above
said special case.
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Among the applications of the theory of vector-matrix boundary value prob-
lems (as well as Riemann—Hilbert problem and factorization of matrix functions)
we have to point out those in the elasticity theory [19, 20, 32], and in the re-
lated to it diffraction problems [24], in the quantum gravity [13], and in the
approximation theory [2].

In this paper we use the symmetric properties of the domain of our boundary
value problem. This allows us to reduce the problem to a system of functional
equations on multiply connected circular domains. Further, we generalize the
method proposed in the scalar case in [25] to vector-matrix problems and con-
struct solution of this problem. The final form of the solution involves the
Christoffel-Schwarz transformation of the half-plane onto a circular polygon
which contains undetermined parameters satisfying some equations. Solution
of the functional equations is obtained in the form of the matrix Poincaré series.

2. (C-linear conjugation problem on a finite number of real
intervals

In this section we consider the C-linear conjugation problem (or Riemann
boundary value problem) on n intervals of real line with respect to analytic
N-vectors. We reformulate this problem in the form of the Riemann—Hilbert
boundary value problem with respect to analytic 2/N-vectors with suitably cho-
sen matrix coefficient.

Let —00 < Ag < A; < ... < Ay,_9 < Ag,_1 < 00 be given points on the
real line. Denote by Ly = (Agx_2, Aok_1) the open intervals on the real line R
with the end points Agy_o, Aog—1, L = (U, cl Ly, D =C \ L, where cl Ly, is
the closure of L. Let a constant nonsingular N x N matrix G, satisfying the
condition G = E be given on each interval Ly.

Consider the following C-linear conjugation problem: Find a vector-function
®(z), which is analytic in D, continuously extended up to both sides of Ly,
bounded at each point Ay, having at most polynomial growth of order (n — 1)
at infinity, and satisfying the following boundary conditions

() = GO (1), te Ly. (2.1)

By defining the vector-function in the upper half-plane C*

_ [ %)
¢(Z) =1 (@) (2'2)

we can reformulate boundary condition (2.1) in the form of the boundary condi-
tion of the Riemann—Hilbert boundary value problem with respect to 2/N-vector
o(2): B

Re {\o(t)} =0, t €Ly, k=1,...,n, (2.3)
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where the matrices A\ satisfy the relation

AeGk = Ak, (2.4)

with gi 1= (% Gok ) In order to see that the above reduction from problem (2.1)

to (2.3) is correct we do some calculation. First, transform the expression A\z¢(t)
on the upper side of k-th interval:

_ o)
Ap@(t) = —idg < =0 ) :

It follows from the boundary condition (2.1) that the right-hand side of the
latter is equal

—Z)\k R e = —Z)\k p— - .
Gl ot () G, 0 o= ()
By (2.4) it is equal to —\y@(t). Therefore, \y¢(t) = —App(t), t € Ly, hence
the boundary condition (2.3) follows. In the same manner one can check, that
vector function (2.2) defined in the lower half-plane satisfies also boundary

condition (2.3) on the lower side of the interval with the matrix A\, chosen
according to relation (2.4) providing the validity of boundary condition (2.1).

Since the matrix g satisfies the condition gk_1 = g the problems (2.1)
and (2.3) are equivalent in the following sense. Any solution ®(z) to prob-
lem (2.1) determines via representation (2.2) the solution to problem (2.3). Vice
versa, any solution to problem (2.3) satisfies the relation (¢(z),...,dn(2))T =
(On41(Z), .., D2 N(E))T. Therefore, the first N components of the solution ¢(z)
to problem (2.3) constitute the solution to problem (2.1).

The choice of the matrix Ay satisfying relation (2.4) is in fact not unique.
One can take A\, as a square root of the matrix gy, i.e.,

e = gr. (2.5)
Then it follows from (2.4) that such matrix \; does satisfy the following relation
M = E, (2.6)

where F is a unit 2N x 2/N-matrix.

3. Reduction to the problem for a multiply connected
circular domain

By using the Christoffel-Schwarz formula for the considered domain prob-
lem (2.3) is reduced here to the Riemann-Hilbert problem for a multiply con-
nected circular domain with the same unknown 2N analytic vector. This prob-
lem will be studied then in the next sections.
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Consider 2n points B; (j =0,1,...,2n—1) on the real axis of the complex
plane ¢. Here we assume that Bj ;1 < Bjj42 < ... < Bo-1 < By < By < ... <
B, for some jy. Consider the segments (B;, Bj+1), where j =2k —1,2k+1,...
(mod 2n) (including (Bj,, Bjy+1) = (Bj,, +00) U (=00, Bj,+1) if jo is odd), and
the semi-circles ~(B;, Bj41) == {¢ € C : Im({ > 0,|¢ — d] = R;}, where

= 2k — 2,2k, ... (modZn), d; = w, R, = BJ“ 2 for j # jo and
Rj, = w if jo is even. Therefore, we obtain the domam D’ bounded by
the segments (Bay_1, Bag) and semi-circles ~(Bgy_o, Bog_1), where the semi—

circle ~(Bj,, Bjy+1) is exterior for D’ if j, is even.

We construct a conformal mapping ¢ = f(z) of the upper half-plane Im z >
0 onto D" in such a way that f(4;) = B, (I = 0,1,...,2n — 1). Here the
given points A; lie on the real axis (see Sec. 2), and B; are undetermined real
constants. The function f(z) can be represented in the form [26]

y1(2)
Ya(2)

f(z) = + (3.1)

where y;(z), y2(2) are two fixed linearly independent solutions of the ordinary
differential equation

2n—1 1 o 1 ﬁ
— l
- =0 3.2
+§j(z_dl by ue) =0, 32)
¢ is a constant. Here 3 (I = 0,1,...,2n — 1) are undetermined real constants
satisfying the relations
2n—1 2n—1 2n—1
> B=0 > Qdf+1-0a7)=0, Y (dB+d(1—0a})=0, (33)
1=0 1=0 1=0

moy (I = 0,1,...,2n — 1) are angles of the polygon D’ at the vertices B,
respectively. In our case all oy = %, hence (3.2) becomes

y'(2) + 3RE() =0, (3.4

where R(z) = S0 (2 o N Zfldl)_ The conditions (3.3) become

2n—1 2n—1 2n—1 2n 1

Z B =0, Z dif = Z i =—= Z d;. (3.5)
1=0 1=0

Moreover, the Schwarzian derivative is equal (f H((Z))) (’}l,/((z)) = R(2).
It is worth to note that in our case the d; are given, contrary to the clas-

sical problem of the Christoffel-Schwarz transformation. Various values of the
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real constants (g, 31, ..., B2n_1, Rec,Imc correspond to various circular poly-

gons BB ... By, 1 with angles 7 on the plane ¢ (generally speaking on the
Riemann surface of the function ¢ = f(z)). We are now looking for additional
restrictions on the undetermined parameters which yield the required polygon
ByBj ... By, 1 described at the beginning of the section. Existence of the con-
formal mapping ¢ = f(z) follows from the existence of the conformal mapping of
the multiply connected domain C\ J;_; Ly onto a circular domain. Moreover,
the symmetry line on the plane z has to be transformed onto the symmetry line
of the domain D’. Therefore, the real axis on the plane z is transformed onto

the real axis on the plane (.

We assume that the segments (A;, A;11) with odd j = 2k — 1, ie., the
segments (Agx_1, Aog), are transformed onto the segments (B;, Bj11). Then
the segments Ly = (Agg_o, Agr_1) with even j = 2k are transformed onto the
semi-circles ™ (Bogg_2, Bog—1). In particular, the infinite point z = co belonging
to the segment (A, 1, Ap), is transformed to a point (o, € (Ba,_1,Bp) € R.
Then, using (3.1) we have

y1(00)
ya(00)

Ime=—Im

(3.6)

We assume that Rec = 0, since the term Rec in (3.1) corresponds to the shift
of the plane ( parallel to the real axis.

The conditions
Imf(A)=0, [=0,1,...,2n—1, (3.7)

mean that all points By lie on the real line. However, two of 2n conditions (3.7)
are redundant. First, we have f(Ag) = By € R, due to (3.6), i.e., the segment
(Ban-1,(x) lies on the real axis and can be continued to the point By if only
By € R. SGCOIld, if Bj0+1 < Bj0+2 <. ..< By, 1 <By< B <...< Bjo—h
and all these B; are real, then Bj, is real too. It is so, since the real axis is
tangent to a boundary arc (Bj,—1, Bj,) at Bj,—1 and it is perpendicular to the
semi-circle ~(Bj,, Bj,+1) whose diameter lies on the real axis. Hence, this arc
(Bj,—1, Bj,) can be only a segment of the real axis. Thus, instead of (3.7) it is
sufficient to take the conditions

Im f(A) =0, [=1,2,...,2n—1; | # jo. (3.8)

Ultimately we have 2n + 1 undetermined real constants Gy, (1, ..., Oon_1,Imc
satisfying 2n + 2 conditions (3.5), (3.6), (3.8). Our conjecture is that (3.8)
contains only one redundant condition, but we cannot prove it yet.

Equation (3.4) is the classical Fuchsian ordinary differential equation with
singular points. The method of the series expansion can be successfully applied



On the Riemann-Hilbert Problem 59

to construct its fundamental solutions y;(z) and y»(z) [18]. The functions y;(z)
and yz(z) depend on the parameters 3, (I = 0,1,...,2n — 1). Three of these
parameters, €.g., B2,_3, fon—_2, P2n_1, can be expressed from linear relations (3.5)
via §, (I = 0,1,...,2n — 4). Then the conditions (3.8) yield the non-linear
equations

yi(A)  yi(o0)) _ _ I :
Im (y2<Al) yg(oo)> —0, I=1,2....20—11#j, (39

with respect to real unknowns (; (I = 0,1,...,2n — 4). Each solution g; (I =
0,1,...,2n —4) of (3.9) determines a conformal mapping ( = f(z) of C* onto
a domain D’ of the required type. Moreover, there exists at least one solution
to the system (3.9), since there exists the required conformal mapping.

Further, it is convenient to deal with an unbounded domain D’. For this (in
the case when jj is even) we map D’ onto the half of a circular domain D 3 oo

R?2
by the mapping ¢ — —2-. Next, we construct the conformal mapping

Cidjo
R?
w(z) = —L— (3.10)
f(Z) - djo
and reduce the problem (2.3) to the following equivalent form:
Re {)\_kgo(T)} =0, 7elf, k=1,...,n, (3.11)

with respect to the function ¢ analytic in D' determined by the relation ¢ =
pow. Here L = {7 € C": |7 — ax| = ri}.
Using the analytic continuation of ¢(¢) into the lower half-plane C~ by (2.2)

and by the symmetry property of the conformal mapping ¢ = f(z) we obtain
that

©(7) +9;;1<P(7') =0, 7€l ={re€C |t —a| =r}. (3.12)

If we additionally impose the condition (1.3), then gkTl = g and (3.11), (3.12)
yield the Riemann—Hilbert problems for multiply connected circular domain

Re {Mp(T)} =0, |r—ap|=re, k=1,...,n. (3.13)

The condition (1.3) is necessary to justify the reduction of the C-linear
problem to the Riemann—Hilbert problem. However, it is not used in the solu-
tion to the problem (3.13). Therefore, below we do not use (1.3) and we solve
(3.13) with general )y satisfying the condition (2.6) which is natural for this
type of problem.
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4. Solution of the Riemann—Hilbert problem for a
multiply connected circular domain

4.1. Schottky groups and spaces for solutions. Let us briefly outline some
notation and facts from the theory of functional equations in complex domains
following [25].

Consider the family of disjoint discs Dy = {¢ € C : |( — ax| < 7}, k =
1,....,n,D=C \ Ui_; cIDy. Denote also Ty, = 0Dy, k = 1,...,n. Jntroduce
transformations zj, =~ = (Z{]Cmfl,---ykl)))(kkm)’ where zj, = Zi=’jlk + ay, 1s
the symmetry mapping with respect to k-th circle Ty. If in the sequence
km,km—_1,...,k no two consequent numbers are equal then m is called the
level of the transformation. All such transformations generate the so called
Schottky group of symmetries K (for shortness we denote the elements of this
group by ; in accordance to certain fixed order relevant to the increase of their
level) (see [14]). The collection of all v; of even level forms the subgroup G, and
those of odd level form the conjugate class F = K\ G. Elements of G are simply

Mébius transformations, i.e., they have the form ~;(¢) = :Jjj:zj, &jczj — Z;jéj =1.
J J

Elements of F are anti-Mdbius transformations, i.e., Mobius with respect to C.
Introduce the Banach space of vector-functions £(¢) = (f1(C), ..., fa(Q)"
€ C (Up—, Tx) with the norm

£ = sup sup (I(OF +-- + [ (Q)P)*. (41)

O % CETk

and its closed subspace C4 (U,_; Tx) of all vector-functions admitting an an-
alytic continuation into all domains Dy, £ = 1,...,n, endowed with the norm
(4.1). From the maximum principle it follows that the space C4 (;_, Tx) co-
incides with the space C4 (J,_, c1Dy) of all vector functions analytic in the do-
mains D, £k =1,...,n and continuous up to their boundaries Ty, k = 1,...,n.
Hereafter we fix a point w € D\{oo}.

4.2. Reduction of the problem to functional equations. Following [25,
p. 161] we rewrite boundary conditions (3.11) in the following form:

Neo(T) =i(T) — (), T€Th ={r€C: |t —ar| =r}, k=1,...,n,
where auxiliary vector-functions ¢y (¢) are analytic in the discs D, = {¢ € C :
|¢ — ax| < 7}, continuous in clDg. The unknown vector-function ¢ has to be
analytic in the outer multiply connected circular domain D = C\ > 7_, c1Dy,
having polynomial growth of order (n — 1) at infinity.

Let us introduce the following vector-function

)\kQOk<<) + §k )\mgpm(<z<m))7 C € clDy,

Q) = n
©(¢) + 2::1 AnPm () ¢ eD.
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Since on all circles Ty we have Qt (1) = Q7 (1), 7 € Ty, k = 1,...,n, then
analytic continuation principle and the Liouville theorem imply that €2 is simply
a polynomial vector, i.e.,

. T
Q) = Pua(0) = (PO, PEV(O) (4:2)
By using definition of the function © and the relation A\, = E we arrive then
to system of functional equations on each closed disc Dy (k=1,...,n)
o) = =M D Anpm((y) + MPui(C), €€ ey (4.3)
m#£k

4.3. Solution to functional equations. Introduce the vector functions v (()
in such a way that

Tk

al6) = anc ) =Pan(@) + (5) wl0n ()

with the polynomial vector
M—

Pu1k(Q) =D am(C —ar) (4.5)
j=
Let () = ¥x((), ¢ € clDg. Substituting (4.4) into (4.3) we arrive at the
functional equations with respect to ¥ € C4 (U;_; Tk)

0l0) = M D A () V(GG
= ((c BIGS m>) o)

Tk M
+ < ) h(C), CG Cl]D)k,

¢ — ax

—_

where

m#k

By Cauchy’s formula,

Loy 1 U ()
Vi ((my) = i /Tm p— C(*m) dr, (€clDg (m #k). (4.8)

Substituting (4.8) into (4.6) we arrive at the integral equations
M
— TkTm, 1 U, (T)
\Ifk(g):—AkZ)\m( ) —/ ———dr
oyt € —ae)(C—am)/ 2mi Jr, 7= C((, (4.9)

M
N (C ikak) h(0), CedT (k=1,2,...,n).
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Instead of 1% (¢), Vk(C) is written. Formally equations (4.9) can be consid-
ered as Fredholm’s integral equations with respect to ¥ € C (|J;_, Tx). First,
equations (4.9) will be solved in C (J;_, Tx). Then it will be checked, that con-
tinuous vector-function ¥ can be analytically continued in the corresponding
domains, i.e., ¥ € Ca (Uy_; Tk). If so then W, (¢) = ¢4 (() satisty the functional
equations (4.6).

Let us rewrite (4.9) in the following compact form:

U =AU+ h, (4.10)

where the linear operator A and h are determined by the right-hand side of
the system (4.9). As it was shown in [25, p. 148] the operator A is compact in
C (Ui, Tx). It is easily seen that

TETm
(€ = ar)(C — am)
Therefore, for sufficiently large M the norm of the operator A is less than unity.

Then equation (4.10) can be solved by the method of successive approximations
which yield the solution in the form of the series

T'm

<g<l1l, (€T, (m#k).

o Qp — A

U=> A (4.11)
j=0

In order to write (4.11) in expanded form we note that the right hand part
of (4.9) is analytic in all |( — ag| < 7k except aj where it has a pole of order M.
Then (4.9) implies that W (¢) also belongs to the same class and

1 v, v,
— 7(:)d7- = \Ilm(q“m)) + res,,, (7*—) .

Calculation of the residium yields
1 U, (7)

2mi T, T—CEkm)

A1 = V(o) — LT} (o)

where the principal part {¥,,} of ¥,, is introduced. More precisely, {¥,,}({) =

(cf;f:[) ST 2:;, where ¥,,(() is presented via its Laurent’s series

LMM 4+ wfl
(C - am) C — am
The iteration scheme corresponding to the series (4.11) can be written in the
following form. The zero-th term has the form

qjm(() =

o+ (¢ = am) -

(M)M 10 (¢) = Rh(0). (112

Tk
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The iteration formula for the term p 4+ 1 has the form

(S22) [wem0 ~ vy

Tk

SRRT) DM (o )MW<<?m>>—{W}<<z“m>> (113

m£k C_am

M
—a
#0) — e () 0
Applying the iteration scheme (4.12)—(4.13) we arrive at the formula

o= (C ikak

where the operator Ay is introduced as follows

) IWIGERLAS) (4.14)

A =X DY > Y M (C,)
m=1 k1#k ka#k1 Ko #km 1 (4-15)

’ (Cm_lAkm) -C" [h (CEkkm ..... k1)) B {h (CEkkm ~~~~~ k1))}} + h(C)

Here C is the operator of the complex conjugation. The principal part {¥}(()
stays undetermined. The operator A} is analogous to that proposed in the scalar
case in [25, p. 162]. It realizes the method of the successive approximations in
the considered case.

It follows from (4.14) that W (() is analytical at ay (in other words W ({) =
¥(€)) if and only if Axh(() has zero of order M at ai. This condition can be
written in the form

AR(O)(C —ap)d¢ =0, j=1,2,..., M. (4.16)
T

Therefore, the functional equations (4.6) are solvable if and only if the con-
ditions (4.16) are fulfilled. If they are fulfilled the solution has the form
Ur(€) = ()M ALR(Q). Tt follows from (4.7) and (4.15) that that the con-
ditions (4.16) are linear algebraic equations with respect to the coefficients of
the vector polynomials Pn,l(C) and Py x(¢). Some of them can be stay un-
determined after satisfaction of the system (4.16). The vector functions ¢y (()

are found from (4.4)

0r(C) = Pr—1,6(Q) + Arh(Q). (4.17)

Finally, from the definition of the function €2 it follows that the general solution
to the problem (3.11) is presented in the form

@(C) - Pn—l(g) - Z Amgpm(qkm)% g € ]D)7
m=1
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The general solution to problem (2.3) is given by the formula

¢(2) = p(w(2)), z€D,

where w is the conformal mapping of D onto D constructed in Section 3 via
formulas (3.10) and (3.1). The first N components of the vector i¢(z) form the
solution ®(z) of the starting C-linear conjugation problem (2.1) with piecewise
constant matrix coefficient.

Note added in proof. In the scalar case (when the unknown functions take
their values in C), the system of functional equations (4.3) with constants Ay
(|Ak| = 1) has always a unique solution. This solution can be found by successive
approximations [25]. If we assume that the matrices Ay have such a structure
that successive approximations converge in the vector-matrix case, then M = 0.
Hence the vector polynomial (4.5) vanishes and representation (4.17) becomes
©x(C) = Arh(C).

In general vector—-matrix case, successive approximations applied to func-
tional equations (4.3) can be divergent. Therefore, the method fit for the scalar
case have to be modified as it is done in Subsec. 4.3. For better presentation of
the modified scheme we add auxiliary notations and facts in Subsec. 4.1.
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